
MATH 111: EXAM 03

BLAKE FARMAN

UNIVERSITY OF SOUTH CAROLINA

Answer the questions in the spaces provided on the question sheets and turn
them in at the end of the class period. Unless otherwise stated, all

supporting work is required.

Name:

1. Definitions

1 (4 Points). Let P be a principal investment, r the interest rate, n the number of times

interest compounds per year, and t the number of years since the investment. State the

formula for computing compound interest.

Solution. The formula for compound interest is

I(t) = P
(

1 +
r

n

)nt
.

2 (2 Points). For an exponential function, f(x), state the formula for percentage rate of

change.

Solution. The formula for percentage rate of change is

r =
f(x + 1)− f(x)

f(x)
.

3 (4 Points). Let a be a fixed positive number. The base a logarithm of x is defined by

loga(x) = y if and only if .

Solution. The base a logarithm of x is defined by

loga(x) = y if and only if ay = x.

4 (4 Points). Let a be a positive number. Fill in the blanks.
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(a) loga(1) = .

(b) loga(a) = .

(c) loga(a
x) = .

(d) aloga(x) = .

Solution. (a) loga(1) = 0.

(b) loga(a) = 1.

(c) loga(a
x) = x.

(d) aloga(x) = x.

5 (3 Points). Let a and C be fixed positive numbers. Fill in the blanks.

(a) loga(xy) = .

(b) loga

(
x
y

)
= .

(c) loga(x
C) = .

Solution. (a) loga(xy) = loga(x) + loga(y).

(b) loga

(
x
y

)
= loga(x)− loga(y).

(c) loga(x
C) = C loga(x).

6 (2 Points). Let a and b be fixed positive numbers. Use the Change of Base formula to

rewrite loga(x) with base b.

Solution. The Change of Base Formula states

loga(x) =
logb(x)

logb(a)
.

7 (1 Point). State the Horizontal Line Test.

Solution. The Horizontal Line Test states that the graph of a function is injective (one-to-

one) if and only if any horizontal line passes through the graph in at most one place.

2. Problems

8 (16 Points). A $400 investment is made in an account with an annual interest rate of 10%

that compounds semiannually.

(a) Give the formula for the interest accrued as a function of time, t. [Hint: If you compute

the growth factor without using decimals, this will make the next computation significantly

easier.]

(b) Compute the interest accrued after 1 year.
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(c) Give the Annual Percentage Yield for the investment.

Solution. (a) First compute the growth factor,

a =

(
1 +

10

200

)2

=

(
210

200

)2

=
212

202
=

441

400
.

The formula for the interest accrued as a function of time, t, is then

I = 400

(
441

400

)t

.

(b) The interest accrued after 1 year is

I(1)− I(0) = 400

(
441

400

)1

− 400 = 400− 441 = 41.

(c) Using the formula for the Annual Percentage Yield for the investment we have

APY =
I(1)− I(0)

I(0)
=

41

400
.

9 (16 Points). Compute the following logarithms.

(a) log3(27).

(b) log3(81).

(c) log16(8).

(d) log27(81).

Solution. (a) log3(27) = log3(3
3) = 3.

(b) log3(81) = log3(3
4) = 4.

(c) Using the Change of Base formula we have

log16(8) =
log2(8)

log2(16)
=

3

4
.

(d) Using the Change of Base formula we have

log27(81) =
log3(81)

log3(27)
=

4

3
.

10 (16 Points). (a) Simplify the expression

2 log2(
√
x + 2)− log2

(
1

x− 2

)
.
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(b) Solve the following equation for x

2 log2(
√
x + 2)− log2

(
1

x− 2

)
= 5

Solution. (a) The expression simplifies to

2 log2(
√
x + 2)− log2

(
1

x− 2

)
= log2((

√
x + 2)2)− (log2(1)− log2(x− 2))

= log2(x + 2)− (0− log2(x− 2))

= log2(x + 2) + log2(x− 2)

= log2((x + 2)(x− 2))

= log2(x
2 − 4).

(b) Using the result of part (a) we have

2 log2(
√
x + 2)− log2

(
1

x− 2

)
= log2(x

2 − 4) = 5.

Then it follows that

2log2(x
2−4) = x2 − 4 = 25 = 32.

Adding 4 to both sides we have x2 = 36 and so x = ±6. Since −6+2 < 0 and −6−2 < 0,

it follows −6 is not in the domain of either log2(
√
x + 2) or log2

(
1

x−2

)
and so the only

solution is x = 6.

11 (16 Points). Solve the following equation for x

2−4x = 16 · 2x2

Solution. Multiplying both sides of the equation by 24x and dividing by 16 we have

2x2 · 24x = 2x2+4x =
1

16
.

Taking the base 2 logarithm of both sides we have

x2 + 4x = −4

which gives x2 + 4x + 4 = (x + 2)2 = 0. Therefore the only solution is x = −2.

12 (16 Points). Let f(x) =
√

1− x2. Determine the domain of this function. Use this

information to carefully justify whether this function is invertible.

Solution. The domain of this function are all the values of x satisfying 1−x2 = (1+x)(1−x) ≥
0. Checking the points x = −2, x = 0, and x = 2 we have (1 − 2)(1 + 2) = −3 < 0,

(1 + 0)(1 − 0) = 1 > 0, and (1 + 2)(1 − 2) = −1 < 0. Hence the domain is the set [−1, 1].
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Since f(1) = f(−1) = 0, this function fails the Horizontal Line Test for the line y = 0 and

so it is not injective. Therefore f is not invertible.

13 (Bonus - 10 Points). Let f(x) be as in the last problem. Compute the composition

f ◦ f(x) = f(f(x)).

Determine for which values of x the function f is invertible and, on this set, find its inverse.

Solution. By composing the function f with itself we get

f(f(x)) =

√
1− (

√
1− x2)2 =

√
1− (1− x2) =

√
x2.

Note that by squaring x and then taking the square root, we are always getting the absolute

value of x. That is if 0 ≤ x ≤ 1,

f(f(−x)) =
√

(−x)2 =
√
x2 = x and f(f(x)) =

√
(x)2 =

√
x2 = x.

This tells us that the function f(x) with domain [0, 1] is its own inverse.


