MATH 142: EXAM 01

BLAKE FARMAN
UNIVERSITY OF SOUTH CAROLINA

Answer the questions in the spaces provided on the question sheets and turn
them in at the end of the class period.
Unless otherwise stated, all supporting work is required. Unsupported or
otherwise mysterious answers will not receive credit.

You may not use a calculator or any other electronic device, including cell
phones, smart watches, etc. By writing your name on the line below, you
indicate that you have read and understand these directions.

It is advised, although not required, that you check your answers.

Name:

Problem | Points Earned | Points Possible
1 20
2 20
3 20
4 20
5 20
Total 100

Date: February 13, 2018.
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1. PROBLEMS

For each of the following problems, decide which method of integration is appropriate and
compute the given integrals.

1 (20 Points). Compute /6082(0) sin®(9) dé.

Solution. We use the identities

sin?(0) = 1= cos(26) C;)S<20) and cos®(f) = 1+ costd) (:205(9)

to rewrite the integrand as

in?(6) cos’(6) — (1,-005(29)> (1_+cos(29))

2 2
1 —cos*(20)
= —
1 1 + cos(40)
- 1 (1 - (TD
1 1 cos(40)
4 8 8
1 cos(40)
-8 8
_ 1 46
= 3 ( — cos( ))

Therefore

/mﬂ@mﬁmwzé</w—/mwmw):%@—Q%@)+c

2. Compute /e’” cos(x) dx.

Solution. We use integration by parts twice. For the first application, we take

u=e" v = sin(x)
du = e*dzx dv = cos(z)dz

to get

/e“’ cos(z) dx = e”sin(x) — /em sin(x) dz.
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Now we apply integration by parts to [ e”sin(z)dz using

u=e" v = —cos(z)
du =e*dzr dv =sin(z)dx

to get

/ex sin(z) dx = —e® cos(z) — /ex(— cos(x))dz = —e® cos(x) + /em cos(x) dz.

We note that the this last integral is exactly the integral we started with. So, we substitute
this into the original equation to find

/ex cos(x)dr = e€*sin(r) — (—ex cos(x) + /ex cos(x) dx)
= e"sin(z) + €® cos(z) — /em cos(x) dz
then add [ e” cos(x) dz to both sides to obtain
2 / e” cos(z) dx = e”sin(z) + €® cos(x).

Dividing both sides of this equation by two and adding a constant of integration, we have

e’ sin(x) + e® cos(r)

/ex cos(x) = 5 +C.

dx
Vaz =9

3 (20 Points). Compute /

Solution. We recall that

1 cos?() _ 1—cos’(9) _ sin’(9) _ tan®(6).

sec”(f) — 1 = cos?(0)  cos?(0)  cos?(6)  cos?(6)

Since the integrand is only real valued for 3 < x, we can make the trigonometric substitution
x = 3sec(f) for 0 < § < 7/2. As tangent is positive for these values of 6, the denominator

becomes

Va2 —9 = /9sec?(f) — 9 = /9(sec2(6) — 1) = /9tan?(h) = 3tan(h).

We compute
dz = 3tan(0) sec(d) dd

and so

de [ 3tan(f)sec(f)dd B
/ ViZ—9 / 3tan(h) a /sec(&) df = In(sec(f) + tan(0)) + C
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since 0 < 0 < 7/2 implies that both sec(f) and tan(#) are positive.

To get to our answer in terms of z we note that

so we look at the right triangle

T 1
3 sec(f) = cos(#)

z 22 —9
6\

3

to see that tan(f) = ¥2=2. Therefore

3

/ dz I E—i— 2 -9 LC
Viz—9  \3 3

4 (20 Points). Compute

612 — 2
/¢n+n@—1mﬁ+1fh

Solution. First we set up the equation

622 — 2 A B Cx+ D

(x+1)(z—1)(x2+1) x+1+x—1+:ﬁ+1

then multiply both sides  + 1)(z — 1)(2? + 1) to get

622 — 2

A(x —1)(2* + 1) + Bz + 1)(2* + 1) + (Cz + D)(2* — 1)
A@® —2*+ o - 1)+ B+ 2> +2+1)+C2® + Dx* — Cz — D
(A+ B+C)2* +(-A+ B+ D)2*+(A+B—-C)z+(-A+ B - D).

Equating the coefficients gives the system

0 = A+B+C
~A+B+D
0 = A+B-C
2 = —A+B-D

(=)
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Adding the first and third equations together gives 2A + 2B = 0, which is equivalent to
A+ B = 0. This implies that B = —A and hence C = 0. Subtracting the fourth equation
from the second equation gives

8=(-A+B+D)—(-A+B-D)=—(A+B)+(A+B)+D+D=2D

so we see that D = 4. Plugging D = 4 and B = —A into the second equation gives
6 =B+ B+4=2B+4 and thus

Therefore the solution to the systemis A=—-1,B=1,C =0,D =4 and

/ 6% — 2 dx__/dx+/dx+4/das
(x4+ D) (z—1)(z2+1) B x+1 x—1 241

= —Injz+ 1|+ Injr — 1| +4arctanx + C

5 (20 Points). Decide whether

/ < dx
s 12 —1
converges or diverges. If it converges, find the value of the integral.

Solution. By definition we have

* dzx ) tode
5 = lim 5 .
9 x*—1 t=oo fy, -1

Factoring the denominator as x> — 1 = (z + 1)(z — 1) we can do the definite integral by

partial fraction decomposition as follows. Set

1 A B

G—D@+1) z-1 z+41

then clear denominators to get
l1=A(z+1)+B(z—-1)=(A+B)x+(A—-B)
and equate coefficients to obtain the system

0 = A+ B
1 = A-B.
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Adding the two equations together gives 1 = 2A, while subtracting the second equation from
the first gives —1 = 2B. Thus A =1/2, B = —1/2, and

. tode . 1 [ de 1 [t de
lim 5 = lim | = - =

1
= lim (5 [In|z — 1] — In|z + 1|];>

t—

_ lim <ln|t —1|—Inft+1]—In(2—-1)+In(2+ 1))

t—o0 2

.1 t—1

Since both the natural logarithm and the absolute value functions are continuous we have

- el -

& 1 —1 | |
|y = (m t ‘ +1n(3>) _ 0403 ki3
2 —_ o0

t+1 -
Alternate Solution. This solution is much more difficult, in my opinion, but I include it

-1
hm —— | =1In(1) =0.

t—oo t + 1

t—1
t+1

lim In
t—o0

Therefore

2 2

becuase quite a few folks attempted this problem in this way.
We first make a couple of observations. The first is that

d _d 1 o d cos(f)
0 csc(f) = 0 sin(f)~! = —sin(#) 2 0 sin(f) = S2(0) cot(f) csc().
The second observation is that
d _d 1 5 d sec’() 1 cos?(f) 9
W cot(d) = w0 tan() ' = — tan(d) 2 0 tan(f) = tan?(8) ~ co(@) sl (0) csc”(0).

Combining these two together we have the important observation, which will come in handy
later:

d%(csc(@) + cot(6)) = — cot(f) csc(f) — csc?(0) = — csc(8)(cot(0) + csc())

With these observations in hand, we can forge ahead with a trigonometric substition
x = sec(f), so that 2% — 1 = sec?(#) — 1 = tan?(0), and dx = sec(f) tan(f) df. The indefinite
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integral we will need to compute is

This is where we use our main observation above: take u = csc(6) 4 cot(6) so that —du =
csc(0)(esc(f) + cot(d)) and then

B csc(6)(cse(f) + tan(h))
/CSC(G) 0 = / csc(f) + cot(6) 40

du
u

= —In|csc(d) + cot(8)] + C

Now, we can look at the triangle

2 —1

0\
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to rewrite our solution in terms of = as

dx
22—-1 —In

11 r+1 n
= ——1In
2 r—1

keeping in mind that we are only interested in 2 < x.

Now we can evaluate the improper integral

*© dz ) todx ) 1 z+1
——— = lim = lim —= |[In
9 2 r—1

xr2 —1 t—oo f, 2 —1 t—o0




